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In this paper, we investigate the braneworld scenario in f(T ) gravity with a K-field as the back-
ground field. We consider various different specific forms of f(T ) gravity and K-field, and find a
general way to construct the braneworld model. Based on our solutions, the split of branes is inves-
tigated. Besides, the stability of the braneworld is studied by investigating the tensor perturbation
of the vielbein.
I. INTRODUCTION
One of the most well-known and earliest extra dimen-
sion theories was first proposed by T. Kaluza [1] and
O. Klein [2] to unify Einstein’s general relativity and
Maxwell’s electromagnetism in the 1920s. The extra di-
mension theories drew wide attention with the work of N.
Arkani-Hamed, S. Dimopoulos, and G. R. Dvali [3] and
the works of L. Randall and R. Sundrum [4, 5] in the end
of the 20th century. Later, various braneworld scenarios
were developed such as the Gregory-Rubakov-Sibiryakov
(GRS) model [6], the Dvali-Gabadadze-Porrati (DGP)
model [7], the thick brane model [8–17], the universal
extra dimension model[18], etc. Among these theories,
one important model is the thick brane theory origi-
nated from the domain wall model proposed by V. A.
Rubakov and M. E. Shaposhnikov [19] in 1983. In the
thick brane model, the brane could be generated by
scalar fields [11, 20–26], as well as vector fields and spinor
fields [12, 27, 28]. In addition, there are also braneworld
models without matter fields [14, 29, 30]. The standard
model fields in the bulk can be localized near the brane
[6, 11, 31–34].
The braneworld was also studied in different modified
gravity theories, for example, the scalar-tensor gravity
theory [35–44], the metric f(R) gravity theory [45–47]
and the Palatini f(R) theory [48, 49]. As f(T ) gravity
theory came up as an alternative to dark energy for the
explanation of the acceleration of the universe [50], it was
then widely investigated [51–55]. Braneworld models in
f(T ) theories were studied in Refs. [56–58]. In the previ-
ous works [56, 57], the solutions of braneworld scenarios
in f(T ) gravity with the form of f(T ) = T + αT n were
investigated by the first-order formalism, i.e., the super-
potential way. Besides, the split of the brane in f(T )
gravity was given in Ref. [56]. Furthermore, the ten-
sor perturbation of the braneworld was also studied in
Ref. [58] and it was shown that the solutions to the f(T )
braneworld were stable. The localization of matter fields
was also investigated in Ref. [56].
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On the other hand, there are also braneworld scenar-
ios in which the kinetic terms of background scalar fields
are of non-canonical form, i.e., the K-fields. The K-
field theory was first proposed as a new mechanism of
inflation in cosmology [59–61]. The lagrangian of a K-
field can be written as L = F(X,φ) − V (φ), where X =
− 12gMN∂Mφ∂Nφ is the kinetic term of the scalar field
and F(X,φ) is an arbitrary function of X and φ. The
K-field theory was then applied to the thick branworld
models [62–67]. The analytical solutions of the thick K-
brane models with two specific cases L = X−αX2−V (φ)
and L = −X2/2−V (φ) were given by the first-order for-
malism in Ref. [65] with the perturbative procedure and
in Ref. [68] with the non-perturbative procedure. Fur-
thermore, the stability of thick K-brane was discussed
in Ref. [69] and the trapping of bulk fermions was also
discussed in Ref. [67].
Besides a mechanism of inflation, the K-fields also can
be a dynamical dark energy model [70–72]. As a scalar
field pervading the universe, from the effective field the-
ory view point, the K-fields must interact with the mat-
ter that is present[73]. One of the interesting cases is
the interaction with the neutrino, which undergoes fla-
vor oscillations when traveling through the K-field back-
ground. By introducing some certain types of CPT vio-
lating terms in the neutrino action, it is possible to pro-
vide a unified explanation for all the existing neutrino
data[73–75]. One of the ways that may give a CPT vi-
olating term is considering the effect of torsion[73]. Ad-
ditionally, there is also work about torsion induced neu-
trino oscillations[76]. So torsion in the K-fields is one
interesting possibility to the interaction between dark
matter and neutrino. We are especially interested in the
higher dimensional aspects of this model and correspond-
ing braneworld scenario.
In this paper, we will consider the braneworld model
of f(T ) gravity with K-fields. The forms of f(T ) will be
more general. Instead of adopting the usual superpoten-
tial method, we develop a new way to give the solutions
and we get some specific solutions for different forms of
f(T ) andK-fields. Based on these solutions, we can then
study the energy density of the background fields and
analyse the structure of the branes. Moreover, we find
that by adding terms in the polynomial form of f(T ) the
number of split sub-branes will increase and this gives us
a mechanism to generate sub-branes.
2In the next section, we will give a review of the
braneworld scenario in f(T ) gravity briefly. And we will
introduce the new method to construct the braneworld
with K-fields in f(T ) gravity. In Sec. III, we get the so-
lutions for different forms of f(T ) and K-field. Specially,
the form of f(T ) is taken as a polynomial of T with arbi-
trary terms and the Lagrangian of background fields also
contains arbitrary terms of polynomials of the canonical
kinetic term. Based on these solutions, in Sec. IV, we
study the energy density of matter fields along the extra
dimension, which gives us the split of the brane. In Sec.
V, we study the tensor perturbation of our model and
recover the four-dimensional effective gravity. Finally, a
brief summary is given in Sec. VI.
II. BACKGROUND AND f(T ) BRANEWORLD
In teleparallel gravity, the dynamical fields are viel-
bein fields eA(x
M ) associated with each point in the
manifold with spacetime coordinates xM . In the case
of the braneworld scenario considered here, the space-
time is a five-dimensional manifold. We use the indices
A,B,C, · · · and M,N,P, · · · which run from 0 to 4 to
label the coordinates of tangent space and spacetime, re-
spectively. Furthermore, the relation of the metric and
vielbein is given by
gMN = e
A
Me
B
NηAB, (2.1)
where ηAB = diag(−1, 1, 1, 1, 1). And the Weitzenbo¨ck
connection ΓPMN is
ΓPMN ≡ ePB∂NeBM = −eBM∂NePB. (2.2)
The torsion tensor is defined as
TPMN ≡ ΓPMN − ΓPNM = ePB(∂NeBM − ∂MeBN). (2.3)
The difference between the Weitzenbo¨ck connection and
the Levi-Civita connection Γ˜PMN widely used in general
relativity is defined as the contorsion tensor
KPMN ≡ ΓPMN − Γ˜PMN
=
1
2
(T PM N + T
P
N M − TPMN ). (2.4)
From the torsion and contorsion tensors, the tensor
SPMN can be defined as
SPMN ≡ KMNP − gPNTQMQ + gPMTQNQ, (2.5)
and then the torsion scalar T is given by
T ≡ 1
2
SPMNTPMN . (2.6)
Thus, one can write the Lagrangian of the teleparallel
gravity as
LT = − c
4e
16πG
T, (2.7)
where e is the determinant of the vielbein eA(x
M ). As
to f(T ) gravity in the braneworld scenario, the action
is given by replacing T with f(T ), which is an arbitrary
function of T . Considering the matter field, the total
action is
S = −1
4
∫
d5x ef(T ) +
∫
d5xLM, (2.8)
where we have taken c
4
4piG = 1 for convenience, and LM
is the Lagrangian of background matter fields. Instead of
adopting a canonical form of matter fields, in our work,
the kinetic term of a scalar field is replaced with an ar-
bitrary function P (X) of the canonical kinetic term of
the scalar field X , i.e., the Lagrangian of the background
matter is of the form
LM = e(P (X)− V (φ)), (2.9)
where the canonical kinetic term is of the form X =
− 12gMN∂Mφ∂Nφ.
Varying the action (2.8) with respect to the vielbein,
we get the field equation
1
4
gMNf(T ) +
1
2
fT
[
gRMS
RQ
P e
A
N∂Qe
P
A
+ e−1gRM∂Q(S
RQ
N e)− gRMTPQNS QRP
]
+
1
2
gRMfTTS
RQ
N ∂QT = TMN ,
(2.10)
where fT and fTT represent respectively the derivative
and the second-order derivative of f(T ) with respect to
T : fT ≡ df/dT and fTT ≡ d2f/dT 2, and TMN is the
energy-momentum tensor defined as
TMN = e−1gRMeAN
δSM
δeAR
= gMN [P (X)− V (φ)] + PX∂Mφ∂Nφ,
(2.11)
where SM is the action corresponding to the Lagrangian
LM, and PX is the derivative of P (X) with respect to
X .
Next we consider the static flat braneworld scenario,
for which the metric is
ds2 = e2A(y)ηµνdx
µdxν + dy2, (2.12)
where the Greek indices run from 0 to 3 and ηµν =
diag(−1, 1, 1, 1) is the four-dimensional Minkowski met-
ric. Besides, e2A(y) is the warped factor and y is the
coordinate of the extra dimension. We can choose the
vielbein in the form eAM = diag(e
A, eA, eA, eA, 1), since
it imposes no constraints on the function f(T ) and the
torsion scalar T [77, 78]. Then the torsion scalar can be
calculated as T = −12A′2. The prime denotes the deriva-
tive with respect to y through the whole paper. Besides,
we also require the scalar field φ to depend on y only.
Then the equation of motion of the background field can
be given by varying with respect to φ:
∂y(ePXφ
′) = eVφ. (2.13)
3Using the metric assumption above, it is easy to write
the equations of motion as follows:
1
4
f +
1
2
fT
(
3A′′ + 12A′2
)− 36fTTA′2A′′
= P − V, (2.14)
1
4
f + 6fTA
′2 = P − V + PXφ′2, (2.15)
4A′φ′PX + ∂y(PXφ′) = Vφ, (2.16)
where Eqs. (2.14) and (2.15) are derived from the µν
components and 44 component of Eq. (2.10) respectively,
and Eq. (2.16) could be given by simplifying Eq. (2.13).
These are second-order differential equations and it is
not easy to get analytic solutions in general case. The
most popular method to give braneworld solutions is the
superpotential way. And the superpotential way was
used in braneworld scenario of f(T ) gravity with canoni-
cal kinetic term in Ref. [56]. Besides, for the specific form
of the non-canonical kinetic P (X) = X+α[(1+bX)n−1],
the solution was also given by the superpotential way
[57]. In both cases, only the form of f(T ) = T + αT n
was considered. So it is natural to consider more gen-
eral forms of f(T ) and P (X). To this end, we need to
consider other method. Instead of using a superpoten-
tial approach to solve these equations as usual, in this
paper, we develop a new approach to solve the equations
by which we could get some new and interesting solutions
easily.
Considering that only two of the three equations are
independent, we will focus on Eqs. (2.14) and (2.15).
Subtracting Eq. (2.15) from Eq. (2.14), we get
3
2
fTA
′′ − 36fTT (A′)2A′′ = −PX(φ′)2, (2.17)
which can also be written as
3
2
∂y (fTA
′) = −PX(φ′)2. (2.18)
This equation gives a prescription to solve the system:
noting that A(y) and T are functions of y only, we can
see that the left hand side of Eq. (2.18) only depends on
y. As for the right hand side of the equation, it is a func-
tion of φ′ only, because P (X) is an arbitrary function of
X = − 12gMN∂Mφ∂Nφ = − 12φ′2. Regarding φ′ as a new
variable, we can get a polynomial equation or transcen-
dental equation of φ′ and y, which is easier to solve by
some skills than a differential equation of φ. After solving
this polynomial equation or transcendental equation, we
can get the expression of φ′. Then, by integrating φ′ we
at last get the solution of φ. In the next section, we will
give some specific solutions of the system with different
functions f(T ) and P (X).
III. SOME SPECIFIC SOLUTIONS
In our work, we only consider the following warp factor
solution
A(y) = −m ln (cosh(ky)) , (3.1)
where k is an arbitrary constant with mass dimension
one. It should be noted that the bulk spacetime is asymp-
totically AdS5 at |y| → ∞ and hence the braneworld con-
sidered in this paper is embedded in an AdS5 spacetime.
For the requirement that the warp factor is not divergent
at the boundary of the extra dimension, we set m > 0.
In the following part, we will consider two specific
forms of f(T ):
f(T ) = T0
(
e
T
T0 − 1
)
(3.2)
and
f(T ) =
N∑
n=0
αn
n+ 1
T n+1 + C, (3.3)
for which we have
fT (T ) = e
T
T0 (3.4)
and
fT (T ) =
N∑
n=0
αnT
n, (3.5)
respectively. Note that in the second case, αn’s are arbi-
trary constants with mass dimension −2n to ensure that
fT is dimensionless and N could be any positive integer.
So the second case can represent a wide class fT . Next,
we will give the solutions for both cases with different
forms of P (X).
A. fT = exp(T/T0)
For simplicity, we set T0 = 24k
2m2 throughout the
paper. The left hand side of Eq. (2.18) gives
3
2
∂y (fTA
′) = −3
2
e−
1
2
tanh2(ky)k2m cosh−4(ky). (3.6)
This expression can be regarded as the product of an
exponential function of tanh2(ky) and a polynomial of
tanh2(ky) because cosh−2(ky) = 1 − tanh2(ky). Firstly,
if the right hand side of Eq. (2.18) can be written as
some power functions of X , for instance, Xn, we can get
X as the n-th root of the right hand side of Eq. (3.6).
And if the form of P (X) we adopt is pretty good, it
could be easy to get the analytical solution of φ(y) by
integrating φ′. In the following, we’ll give solutions in
the case of P (X) = X and P (X) = C1
√−X, where C1
is a constant.
4For P (X) = X , we can easily get the solution
φ(y) = v1 erf
(1
2
tanh(ky)
)
, (3.7)
V (φ) =
3
4
k2me−2F
2(φ)
[ (
1− 4F2(φ))2
+ 8m
(
e2F
2(φ) − 4F2(φ)− 1
) ]
, (3.8)
where v1 =
√
3pim
2 , F(φ) = erf−1(φ/v) with erf−1(x) the
inverse of the error function erf(x).
For P (X) = C1
√−X, we have
φ(y) = −v2 e− 12 tanh
2(ky) tanh(ky), (3.9)
V (φ) = 6k2m2 e
1
2
ProductLog(−φ2/v22)
[
e−
1
2
ProductLog(−φ2/v22)
+ProductLog(−φ2/v22)− 1
]
, (3.10)
where v2 =
3km√
2C1
and ProductLog(x) gives the principal
solution for w in x = wew.
More complicatedly, if the right hand side of Eq. (2.18)
could be written as the same form of the exponential
function of X times a polynomial of X , we are able to
read X off. Once again, if the forms of P (X) are pretty
good, we could get the analytical solutions. So next, we
will give some examples of P (X) as we considered above:
PX = −X0X−1ec
√−X , (3.11)
P =
mk2
φ20
(X + φ20) e
− 1
2
− X
φ2
0 , (3.12)
P = −3mk2
(√
−2X
φ20
− 2
)
e
√
−X
2φ2
0
− 1
2
, (3.13)
where X0, φ0 and c are constants. The corresponding
solutions are given as follows.
For PX = −(X0/X) exp(c
√−X), the solution reads
φ(y) =
1
ck
√
2 ln
(
3k2m
2X0
)[
Li2(−e−2ky)
−ky(−ky − 2 + 2 ln 2)
+2 tanh(ky)
(
ln
(
cosh−1(ky)
)− 1)],(3.14)
V (y) = −6m2k2
(
e−
1
2
tanh2(ky) − 1
)
−2X0Ei
(∣∣∣∣
[
ln
3k2m
2X0
+ 4 ln
(
cosh−1(ky)
)
−1
2
tanh2(ky)
]2
/c2
∣∣∣∣
)
+
3
2
mk2 e−
1
2
tanh2(ky) cosh−4(ky)
−6m2k2 e− 12 tanh2(ky) tanh2(ky), (3.15)
where Li2(x) is the polylogarithm function of x and Ei(x)
is the exponential integral function of x.
For P (X) = (mk2/φ20)(X +φ
2
0) exp(−1/2−X/φ20), we
get the following φ(y) and V (y):
φ(y) =
2φ0
k
tan−1
(
tanh
(
ky
2
))
, (3.16)
V (φ) =
1
2
mk2 e−
1
2
sin2( kφ
φ0
)
(
(1 − 12m)(1 + sin2(kφ
φ0
))
+12me
1
2
sin2( kφ
φ0
)
+ 3 cos4(
kφ
φ0
)
)
. (3.17)
For P (X) = −3mk2
(√
− 2X
φ2
0
− 2
)
exp
(√
− X
2φ2
0
− 12
)
,
we get
φ(y) =
φ0
k
tanh(ky), (3.18)
V (φ) =
3
2
mk2 e−
1
2
( kφ
φ0
)2
[
4 + 4m
(
e
1
2
( kφ
φ0
)2 − 2
)
+(4m− 2)
(
1− (kφ
φ0
)2
)
+
(
1− (kφ
φ0
)2
)2 ]
. (3.19)
B. fT =
∑N
n=0 αnT
n
For fT =
∑N
n=0 αnT
n, the left hand side of Eq. (2.18)
is given by
∂y(
3
2
fTA
′) =
N∑
n=0
−αn
2
31+n4nm(1 + 2n)
(
− k2m2(1−
cosh−2(ky)
))n
cosh−2(ky).
(3.20)
Following the sprit in the last subsection, we consider
the right hand side of this equation as a polynomial of
cosh−2(ky) again. Then comparing with the right hand
side of Eq. (2.18), which is a polynomial of X , we can
set X ∝ cosh−2(ky), i.e., φ′ = φ0 cosh−1(ky), where φ0
is an arbitrary constant, and read off the corresponding
5P (X). The solution is given by:
φ =
2φ0
k
tan−1
(
tanh
(
ky
2
))
, (3.21)
P =
N∑
n=0
−αnβ(n)
(
−k
2m2
φ20
(
2X + φ20
))n+1
, (3.22)
V =
N∑
n=0
[
− αnβ(n)
(
−k2m2 sin2(kφ
φ0
)
)1+n
+
3
2
αnmk
2(2n+ 1)
(
− 12k2m2 sin2(kφ
φ0
)
)n
cos2(
kφ
φ0
)
−612nαn
(
−k2m2 sin2(kφ
φ0
)
)n+1 ]
−1
4
N∑
n=1
αn
n
(
− k2m2 sin2(kφ
φ0
)
)n
, (3.23)
where β(n) = 3
n+14n−1(2n+1)
m(n+1) .
We should note that the solutions have a large depen-
dence on the forms of potentials. In other words, our
method works only for some particular potential. This
could be seen from our procedure. Our method is mainly
based on solving the polynomial equation or transcen-
dental equation gotten from Eq. (2.18). If we fix the
forms of f(T ) and P (X), the polynomial equation or
transcendental equation gives us some special forms of
φ with corresponding potential V as the solution. Thus
only the system with these potential could be solved in
our way. As for other forms of potential, whether they
could be solved needs further discussion.
The solutions and potentials are obtained in classical
circumstances. Then another question arises naturally:
if we consider quantum effects, is there any symmetry
protecting these potentials from quantum fluctuations?
The potential is usually assumed to emerge from the mi-
croscopic physics which leads to the braneworld model
in a low energy limit [8]. For the usual super potential
way, the potential is the one in five-dimensional gauged
supergravity with a USp(8) invariance [8, 79]. But it’s
an interesting and open question if one can construct a
supergravity theory that the supersymmetry conditions
could give any potential desired [8]. We are not able to
answer this question and we focus on the classical as-
pects of the braneworld in this paper. It is still unknown
if all our potentials possess some symmetries that could
protect them all from quantum fluctuation.
IV. THE SPLIT OF THE BRANE
In this section, we investigate the split of the brane.
This phenomenon can be generated by a real scalar field
[80], two real scalar fields [81–84] or a complex scalar
field [85]. In Ref. [56], the authors pointed out that
the effect of torsion will influence the distribution of the
energy density. As a consequence, the brane will have
an incomplete split. While the authors of Ref. [56] only
considered f(T ) = T +αT n, we can see more complicate
phenomena caused by the arbitrary function of T in our
work. From Eq. (2.10), we get the energy density ρ(y):
ρ(y) = TMNU
MUN
= [P − V ]gMNUMUN + ∂P
∂X
∂Mφ∂NφU
MUN
= −P (X) + V (φ)
= −1
4
f(T )− 6fTA′2 − ∂y(3
2
fTA
′). (4.1)
It is easy to see that ρ only depends on f(T ) and A(y).
Then we will consider two different forms of f(T ) from
the previous sections and get the corresponding energy
densities ρ(y) to investigate the split of brane.
For fT = e
T
T0 , we have
ρ =
3
2
mk2 e−
1
2
tanh2(ky)
×
[
4m
(
e
1
2
tanh2(ky) − tanh2(ky)− 1
)
+ sech4(ky)
]
.
(4.2)
Considering that there could be an arbitrary constant, or
so called cosmology constant in the potential V , we can
separate it from V by demanding V to be zero at y →∞.
Then we get the shape of the energy density (see Fig. 1).
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FIG. 1: Plot of the energy density (4.2) for fT = e
T
T0 with
k = m = 1.
From Fig. 1, we can easily see that the brane is not
split and instead, it is localized near the zero point of the
extra dimension.
Next, we will consider f(T ) satisfying the differential
equation fT =
∑N
n=0 αnT
n which will result in a dif-
ferent energy density distribution along the extra dimen-
sion. We get the expression for f(T ) from the differential
equation, i.e., f(T ) =
∑N+1
n=1
αn−1
n T
n +C. Thus, the en-
ergy density is
ρ =
N∑
n=0
αn(−12)nA′2n(y)
×
[(
3
n+ 1
− 6
)
A′2(y)− 3
2
(2n+ 1)A′′(y)
]
.
(4.3)
6To illustrate that the value of N (or the number of ar-
bitrary constants αn’s in the expression of f(T )) could
give us the split of brane, we now need to fix N as some
specific numbers and then give the calculations. Firstly,
let us set N = 1, i.e., fT = α0 + α1T , then we get
ρ = 54α1m
4k4 tanh4(ky)
− 54α1m3k4 tanh2(ky)sech2(ky)
− 3α0m2k2 tanh2(ky) + 3
2
α0mk
2sech2(ky). (4.4)
For simplicity, we will take k = 1, m = 1 in this section
and the shape of the energy density for N = 1 is shown
in Fig. 2. One can see that the brane is split into two
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FIG. 2: Plot of the energy density (4.4) for fT = α0 + α1T
with α0 = −12, α1 = −1.
sub-branes which correspond to the two peaks in the en-
ergy density. Note that while α0, α1 are taken as some
other combinations, there could be still one peak in the
energy density which means that the brane is not split.
So in the following part, we will only display the graphs
in which the brane have the maximum numbers of sub-
branes. Next, we’ll show that the brane could split into
more sub-branes with larger N .
Secondly, for N = 2, i.e., fT = α0 + α1T + α2T
2, the
energy density is
ρ = −720α2m6k6 tanh6(ky)
+ 1080α2m
5k6 tanh4(ky)sech2(ky)
+ 54α1m
4k4 tanh4(ky)
− 54α1m3k4 tanh2(ky)sech2(ky)
− 3α0m2k2 tanh2(ky) + 3
2
α0mk
2sech2(ky). (4.5)
The shape is shown in Fig. 3. We can see that the brane
is split into three sub-branes while α0, α1, α2 are taken
as 95.5, 40, 2.8, respectively.
At last, we consider N = 3, i.e., fT = α0 + α1T +
-4 -2 2 4
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100
200
300
ρ
FIG. 3: Plot of the enrgy density (4.5) for fT = α0 + α1T +
α2T
2 with α0 = 95.5, α1 = 40, α2 = 2.8.
α2T
2 + α3T
3, then
ρ = 9072α3k
8m8 tanh8(ky)
− 18144α3k8m7 tanh6(ky)sech2(ky)
− 720α2k6m6 tanh6(ky)
+ 1080α2k
6m5 tanh4(ky)sech2(ky)
+ 54α1k
4m4 tanh4(ky)
− 54α1k4m3 tanh2(ky)sech2(ky)
− 3α0k2m2 tanh2(ky) + 3
2
α0k
2msech2(ky).
(4.6)
It is shown in Fig. 4. As expected, there are four sub-
brans.
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FIG. 4: Plot of the energy density (4.6) for fT = α0 + α1T +
α2T
2 + α3T
3 with α0 = −116.4, α1 = −47.2, α2 = −7.48,
α3 = −0.371.
For the general case of f(T ) =
∑N+1
n=1
αn−1
n T
n+C, we
could see that the maximum number of sub-branes in-
creases with the number of terms in the polynomial ex-
pression of f(T ). This conclusion could be roughly seen
from Eq. (4.3). Substituting Eq. (3.1) into Eq. (4.3),
the right hand side of Eq. (4.3) becomes a polynomial of
tanh2(ky) whose highest order is N +1. So the distribu-
tion of energy density will be similar to a polynomial of
y2. Thus, we can get N+1 peaks by adjusting the values
of αn’s. In other words, the more terms we adopt, the
more sub-branes we could get.
7V. TENSOR PERTURBATION AND
EFFECTIVE POTENTIAL ALONG THE EXTRA
DIMENSION
In this section, we will investigate the linear ten-
sor perturbation of the braneworld which satisfies the
transverse-traceless condition. The perturbation of the
vielbein fields is [58]
eAM =
[
eA(y)(δaµ + h
a
µ) 0
0 1
]
, (5.1)
and the corresponding metric reads
gMN =
[
e2A(y)(ηµν + γµν) 0
0 1
]
, (5.2)
where
γµν = (δ
a
µh
b
ν + δ
b
νh
a
µ)ηab. (5.3)
The transverse-traceless conditions are
∂µγ
µν = 0 = ηµνγµν . (5.4)
The perturbation of the torsion tensor, contortion tensor
and e.t.c (T ρµν , K
ρ
µν ,S
ρ
µν ) are given in Ref. [58]. The
energy-momentum tensor is given as Eq. (2.11). With
the perturbation of the vielbein fields (5.1) and the per-
turbation of the scalar field
φ = φ¯+ φ˜, (5.5)
where φ¯ is the background field and φ˜ = φ˜(xµ, y) is the
perturbed field, we could get the perturbations of the µν
components of energy-momentum tensor
δTµν =
(
PX(−φ¯′φ˜′)− ∂V
∂φ
φ˜
)
e2Aηµν + (P − V )e2Aγµν .
(5.6)
From Ref. [58] the perturbation of the field equations
(2.10) is given as
δTMN =e
−1fT δgNP∂Q(eS
PQ
M ) + e
−1fT gNP∂Q(eS
PQ
M )
+ fTT δS
Q
MN ∂QT − fT δΓ˜QPMS PQN
− fT Γ˜QPMδS PQN +
1
4
δgMNf(T ).
(5.7)
The µν components give
1
4
e2Aγµν + fT e
2A
(
6A′2γµν +
3
2
A′′γµν
−A′γ′µν −
1
4
γ′′µν −
1
4
e−2A∂ρ∂ργµν
)
− fTT e2A
(
36A′2A′′γµν − 6A′A′′γ′µν
)
=
( ∂P
∂X
(−∂yφ¯∂yφ˜)− ∂V
∂φ
φ˜
)
e2Aηµν
+ (P − V )e2Aγµν .
(5.8)
Subtracting the background equation (2.14) from Eq.
(5.8), we get
− fT
(
A′γ′µν +
1
4
γ′′µν +
1
4
e−2A∂ρ∂ργµν
)
+ 6fTTA
′A′′γ′µν
=
(
PX(−φ¯′φ˜′)− ∂V
∂φ
φ˜
)
ηµν .
(5.9)
Contracting this equation with ηµν and considering the
transverse-traceless conditions (5.4), we get
PX(−φ¯′φ˜′)− ∂V
∂φ
φ˜ = 0, (5.10)
and
6fTTA
′A′′γ′µν−fT
(
A′γ′µν+
1
4
γ′′µν+
1
4
e−2A∂ρ∂ργµν
)
= 0,
(5.11)
which is the same as Eq. (39) in Ref. [58].
As in Ref. [58], we could write the tensor perturbation
equation as
(∂2z + 2H∂z + η
µν∂µ∂ν)γµν = 0, (5.12)
where
H =
3
2
∂zA+ 12e
−2A
(
(∂zA)
3 − ∂2zA∂zA
)fTT
fT
, (5.13)
and z is the conformal flat coordinate which is trans-
formed from y as
dz = e−Ady. (5.14)
By introducing the Kaluza-Klein (KK) decomposition
γµν(x
ρ, z) = ǫµν(x
ρ)F (z)Ψ(z), (5.15)
where F (z) = e−
3
2
A(z)+
∫
K(z)dz with
K(z) = 12e−2A
(
∂2zA∂zA− (∂zA)3
)fTT
fT
, (5.16)
we get two equations from Eq. (5.12). One is the equa-
tion for the four-dimensional KK gravitons ǫµν :
(ηρσ∂ρ∂σ + m˜
2
n)ǫµν(x
ρ) = 0, (5.17)
and the other is the Schro¨dinger-like equation for the
extra-dimensional profile:(−∂2z + U(z))Ψ = m˜2nΨ, (5.18)
where m˜n is the mass of the KK graviton and U(z) is the
effective potential
U(z) = ∂zH +H
2. (5.19)
The schrodinger-like equation (5.18) can be factorized as
(∂z +H)(−∂z +H)Ψ = m˜2nΨ, (5.20)
8which means that m˜2n > 0, i.e., any brane solution of
f(T ) gravity theory with noncanonical scalar fields of the
form P (X) is stable under the transverse-traceless tensor
perturbation.
Then we will consider the localization of the zero mode
of graviton. As in Ref. [58], the zero mode of graviton is
Ψ0 = N0e
3
2
A−∫ K(z)dz, (5.21)
where N0 is the normalization coefficient. The localiza-
tion of the zero mode requires that∫
Ψ20dz =
∫
N20 e
3Ae−2
∫
Kdzdz <∞. (5.22)
Substituting the expression of K(z) (5.16) into Eq.
(5.22), we get∫
Ψ20dz =
∫
N20 cosh
−2m(ky)|fT |dy. (5.23)
In this paper, the forms of fT are considered to be a
polynomial of T or an exponential function of T , so the
integrand is not divergent. Thus, to check whether the re-
quirement (5.22) is satisfied, we only need to consider the
asymptotic behavior of the integral when y approaches to
infinity. Thus, we can replace cosh−2m(ky) with e−2m|ky|
and get the integral at infinity∫
∞
Ψ20dz =
∫
∞
N20 e
−2m|ky||fT |dy. (5.24)
Note that, T is of the form −12k2m2 tanh2(ky) and fT is
a polynomial of tanh2(ky) or an exponential function of
tanh2(ky) in this paper. For both cases, |fT | is finite and
we can see that if and only if m > 0 could the integrand
be integrable at infinity, which is in coincidence with the
requirement of an asymptotically AdS5 spacetime. So we
conclude that the zero mode of graviton could be local-
ized.
Next, we will give the effective potential and zero mode
of graviton for two specific cases fT = α0+α1T
1+α2T
2
and fT = e
T/T0 .
For fT = α0 + α1T + α2T
2, the effective potential can
be read as
U =cosh−2(2+m)(ky)
[
− 3k2mα0
(
8α0 cosh
2(ky) + 32k2mα1
(
2− 2(2 + 7m) sinh2(ky) + 15m2 sinh4(ky))
− 5mα0 sinh2(2ky)
)
+ 576k6m4
(
24α0α2 + (α
2
1 + 2α0α2) sinh
2(ky)(−8− 22m+ 15m2 sinh2(ky))
)
tanh2(ky)
− 41472k8m6α1α2
(
2− 2(2 + 5m) sinh2(ky) + 5m2 sinh4(ky)
)
tanh4(ky)
+ 82944k10m8α22
(
8− 2(8 + 19m) sinh2(ky) + 15m2 sinh4(ky)
)
tanh6(ky)
]
/[
16
(
α0 − 12k2m2α1 tanh2(ky) + 144k4m4α2 tanh4(ky)
)2]
,
(5.25)
and the zero mode of graviton is
Ψ0(y) =N0 cosh
− 3
2
m(ky)
∣∣∣α0 − 12k2m2α1 tanh2(ky)
+ 144k4m4α2 tanh
4(ky)
∣∣∣.
(5.26)
The plots of the effective potential and zero mode are
shown in Figs. 5(a) and 5(b), where we have taken
k = m = 1. These two figures show that the effective
potential has three wells so the corresponding zero mode
has three peaks. Compared with the energy density of
the background field (see Fig. 5(c)), we can see that the
distribution of the zero mode of graviton is similar to
that of the energy density, which implies that the zero
mode could be localized near the brane. So we conclude
that the split of the brane will cause the split of the zero
mode of graviton.
For fT = e
T/T0 , we get
U =
1
4
k2sech2m+2(ky)
(
sech2(ky) tanh2(ky)
+ (8m− 6)sech2(ky) + 15m2 − 6m+ 4
)
,
(5.27)
the corresponding zero mode of graviton is
Ψ0(y) = N0e
− 1
4
tanh2(ky) cosh−3m/2(ky). (5.28)
The corresponding figure for k = m = 1 is shown in Fig.
6. We can see that the effective potential is volcano-like
and the zero mode is localized near the brane, this is
similar to that of general relativity.
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FIG. 5: Plots of the effective potential, zero mode of graviton
and energy density of the background field for fT = α0 +
α1T
1 + α2T
2 with α0 = 5, α1 = 2.6, α3 = 0.54.
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FIG. 6: Plots of the effective potential and the zero mode of
graviton for fT = e
T/T0 .
VI. CONCLUSION
In this paper, we developed a new method for finding
solutions of the braneworld scenario in f(T ) gravity the-
ory with K-fields. Following our method, we found sev-
eral solutions to the cases that f(T ) takes the forms of
f(T ) = T0(e
T
T0 −1) and f(T ) =∑N+1n=1 αn−1n T n+C. Then
based on our solutions, we studied the distribution of the
corresponding energy density along the extra dimension.
The results shows that the polynomial form of the f(T )
will cause split of the brane. Next, we considered the sta-
bility of our solutions by investigating the linear tensor
perturbation of the vielbein. And we concluded that our
solutions are stable. Finally, we demonstrated that the
zero mode of graviton could be localized for both forms
of fT . In addition, we calculated the effective potential
of the KK modes of graviton along the extra dimension
and gave the zero mode of graviton.
The brane we studied in this paper is flat, however,
the cosmology constant on the brane can also be non-
vanishing. Whether the method we developed in this
paper is still valid for dS thick brane or AdS thick brane
can be studied further. We will investigate this in the
future.
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